Abstract. In this paper, we first introduce the concept of left strongly simple po-semigroups, then we discuss properties and characterizations nil-extensions of left strongly simple po-semigroups and semilattices of left strongly simple po-semigroups. Finally, we give some characterizations of the chain of left strongly simple po-semigroups.
Introduction and preliminaries
The ideal extension problem for semigroups is as follows: Given a semigroup S and a semigroup Q with zero such that S ∩ Q * = Ø (where Q * = Q \ {0}), construct all the semigroups V which have an ideal K which is isomorphic to S and the Rees quotient V /K is isomorphic to Q. For ideal extensions of semigroups (without order) have been considered by A. H. Clifford in [4] who gave the first general structure theorem in the case when semigroups is weakly reductive (Theorem 4.21 of [4] ). A detailed exposition of the ideal extensions of semigroups can be found in [5, 13] . Extensions of weakly reductive semigroups, strict and pure extensions, retract extensions, dense extensions, equivalent extensions have been also considered in [13] . Ideal extensions of ordered semigroups have been studied in [10] , and nil-extensions of simple ordered semigroups in [3] . We are often interested in building more complex semigroups, lattices, ordered sets, and ordered or topological semigroups out of some of "simple" structure and this can be sometimes achieved by constructing the ideal extensions. The aim of this paper is to study the structure of left strongly simple po-semigroups referring to nil-extension and semilattice of this type of po-semigroups.
Throughout this paper, Z + will denote the set of positive integers. As in [1] , a po-semigroup (: ordered semigroup) is an ordered set (S, ≤) at the same time a semigroup such that:
a ≤ b =⇒ xa ≤ xb and ax ≤ bx, ∀a, b, x ∈S. Let S be a po-semigroup. For H ⊆ S, let (H] := {t ∈ S|t ≤ h for some h ∈ H}. For H = {a}, we write (a] instead of ({a}] (a ∈ S). Let I(a), L(a) and R(a) denote the ideal, the left ideal and the right ideal of S generated by an element a of S, respectively. One can easily prove that:
We defined the Green's relation J :={(x, y)|I(x) = I(y)} and U J (S) will denote the union of all J -classes of S which are subsemigroups of S.
An element a of a po-semigroup S is semisimple if a ∈ (SaSaS]. A set of all semisimple elements of S will be denoted by Semis(S). A semigroup S is called semisimple if S = Semis(S).
) S is left (right) simple if and only if S = (Sa](S = (aS])
for every a ∈ S (see [6] ).
(2) S is simple if and only if S = (SaS] for every a ∈ S (see [6] 
The filter of S generated by x(x ∈ S) is denoted by N (x). Let N be an equivalence relation defined, as in [6] , by
As in [7, 11] , for a po-semigroup S, N is the least complete semilattice congruence on S. If S is intra-regular, then we have N = J and S is a complete semilattice Y of simple semigroups S α (α ∈ Y ).
As in [2] , a relation τ on a po-semigroup S is defined by:
A If S is a po-semigroup with zero 0, we will write S = S
0 . An element a of S is called nilpotent if there exists n ∈ Z + such that a n = 0. The set of all nilpotents of S is denoted by N il (S) 
is the Rees factor semigroup of S modulo K and is normally written by S/K rather than S/ρ K . We may describe S/K as the result of collapsing K into a single (zero) element, while the elements of S outside of K retain their identity. A simple argument shows that S/K with an order "≤ K " defined by:
the Rees factor semigroup of S modulo K, and S is called an ideal extension of K by the po-semigroup S/K. An ideal extension
By Definition 1.3, we can easily prove the following lemma (see [3] ).
Lemma 1.3. Let S be a po-semigroup and K be an ideal of S. Then the following conditions are equivalent:
(
Example 1.1. We consider the set S = {a, b, c, d, f }, defined by multiplication and the order below [8] :
For an easy way to check that S is a po-semigroup, we refer to [8] . We give the covering relation and the figure of S:
The ideals of S are the sets: {a, b, c, d} and S.
The set of all left (right) semiregular elements of S will be denoted by
LSReg(S) (RSReg(S)). S is called left (resp. right) semiregular if S = LSReg(S) (S = RSReg(S)). S is called semiregular if S = LSReg(S)
∩ RSReg(S).
Lemma 1.4 ([14]
). Let S be a po-semigroup. Then the following conditions are equivalent: 
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We give the covering relation and the figure of S:
a For any x ∈ S, it is enough to prove that (SxS] = S. Hence, S is simple. For an easy way to check that S is left semiregular and right semiregular. Thus S is both left and right strongly simple. Hence S is a strongly simple po-semigroup. Now, we generalize the concepts of (intra-, left, right) π-regular semigroups without order to po-semigroups. Let S be a po-semigroup. The set of all regular (left regular, right regular, intra-regular) elements of S is denoted by Reg(S) (LReg(S), RReg(S), Intra(S)).
Definition 1.7.
A po-semigroup S is called Archimedean, if for any a, b ∈ S there exists n ∈ Z + such that a n ∈ (SbS].
Nil-extensions of left strongly simple po-semigroups
Now we are ready to prove the main results of this paper. First, we introduce a lemma which will be used frequently in this paper.
Lemma 2.1. Let po-semigroup S be a complete semilattice Y of subsemigroups
(1) the following conditions hold: 
) Every left ideal of S is a simple po-semigroup. (4) S is simple and (L 2 ] = L for every left ideal L of S. (5) S is simple and every left ideal of S is an intra-regular po-semigroup.
Proof. (1) ⇒ (2) and (2) ⇒ (3) It follows immediately from Lemma 1.1 and the definition of left strongly simple.
(3) ⇒ (4) Since S is a left ideal of S itself. By hypothesis, S is simple.
which shows that L is an intra-regular po-semigroup.
Thus, S is left semiregular. □
Theorem 2.2. The following conditions on a po-semigroup S are equivalent:
(1) S is a semilattice of left strongly simple po-semigroup.
) Every left ideal of S is an intra-regular subsemigroup of S. (5) Every left ideal of S is a semisimple subsemigroup of S.
Proof. (1) ⇒ (2) Suppose S is a semilattice of Y subsemigroups S α (α ∈ Y ) which are left strongly simple. Let a ∈ S α for some α ∈ Y . Then a n ∈ S α for every n ∈ Z + . Since S α is left strongly simple, by Theorem 2.1, we have
Thus L is an intra-regular subsemigroup of S. 
The intersection of all ideals of a po-semigroup S, if nonempty, is called the kernel of S and denoted by K(S).
A po-semigroup S is called completely regular if S is regular, left regular, right regular po-semigroup [15] . In [15] , we have shown that S is completely regular if and only if ∀a ∈ S, a ∈ (a 2 Sa 2 ], equivalently, S is a union of disjoint B-simple subsemigroups of S.
Lemma 2.2 ([3]). Let S be an Archimedean po-semigroup. If Intra(S) ̸ = Ø, then (1) S has a kernel K(S) such that ∀a ∈ Intra(S), K(S) = (SaS], Intra(S) ⊆ K(S). (2) S is a nil-extension of simple po-semigroup K(S).

Lemma 2.3 ([16]). Let S be a po-semigroup. Then kernel K(S) of S is a completely regular simple subsemigroup.
Theorem 2.3. The following conditions on a po-semigroup S are equivalent:
(1) S is a nil-extension of a left strongly simple po-semigroup.
) S is Archimedean and left π-semiregular.
Proof. (1) ⇒ (2) Let S be a nil-extension of a left strongly simple po-semigroup K. Let a, b ∈ S. Then a n ∈ K for some n ∈ Z + . Since K is an ideal of S, we have a n b m ∈ KS ⊆ K for every m ∈ Z + . But K is left strongly simple, by Theorem2.1, for a n , a n b m , we have a
The implcations follow immediately. (4) ⇒ (1) Suppose S is Archimedean and left π-semiregular. Let a ∈ S. Then there exist x, y ∈ S and n ∈ Z + such that a n ≤ xa n ya n ≤ (xa n y) m a n for every m ∈ Z + . Since S is Archimedean, for xa n y and a 2n there exist k ∈ Z + and u, v ∈ S such that (xa n y)
which shows that a n ∈ Intra(S). Hence Intra(S) ̸ = Ø. By Lemma 2.2, we conclude that S is a nil-extension of simple po-semigroup K(S). By Lemma 2.3, K(S) is a completely regular simple subsemigroup. A simple argument shows that K(S) is left semiregular. Hence S is a nil-extension of a left strongly simple po-semigroup. □
Lemma 2.4 ([3]). Let S be a po-semigroup. Then S is Archimedean and intra-regular if and only if S is simple.
Theorem 2.4. The following conditions on a po-semigroup S are equivalent:
(1) S is a semilattice of nil-extensions of left strongly simple po-semigroups.
by 
But for cyb, zdvx, by hypothesis, there exist p, q ∈ S and m ∈ Z + such that
.
On the other hand, let a ∈ U J (S), then there exists By hypothesis, it is obvious that S has Putcha's property. In view of Lemma 1.2, N is the greatest semilattice congruence on S such that (x) N is an Archimedean subsemigroup for every x ∈ S. But N is the least complete semilattice congruence on S. Since S is left π-semiregular and intra π-regular, by Lemma 2.1, (x) N is left π-semiregular and intra π-regular. From this it follows by Theorem 2.3 that (x) N is a nil-extensions of left strongly simple po-semigroup K x for every x ∈ S. Let c ∈ Intra(S). Then c ∈ Intra((c) N ), i.e., there exist u, v ∈ (c) N such that c ≤ uc
, the process is similar to the proof of (3) ⇒ (4), we have (
Thus S has Putcha's property by Lemma 1.2. By Lemma 1.2, N is the greatest semilattice congruence on S and the N -class (a) N of S containing a is an Archimedean subsemigroup for every a ∈ S. Since N is the least complete semilattice congruence on S, and S is intra π-regular, by Lemma 
Chain of left strongly simple po-semigroups
Further, we will consider chains of left strongly simple po-semigroups. For a po-semigroup S, σ a semilattice congruence on S, we denote by " ⪯ " the order on the semigroup S/σ = {(x) σ |x ∈ S} defined by: (x) σ ⪯ (y) σ ⇔ (x) σ = (xy) σ (S/σ, ·, ⪯) is a po-semigroup. Definition 3.1. Let S be a po-semigroup. S is called a chain of left strongly simple po-semigroups if there exists a semilattice congruence σ on S such that (x) σ is a left strongly simple po-subsemigroup of S for every x ∈ S and (S/σ, ⪯) is a chain.
If a n ∈ (SabS], then there exist u, v ∈ S such that a n ≤ uabv. Then N (a) ∋ a n ≤ uabv, so we have uabv ∈ N (a), it is implies ab ∈ N (a) 
